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Abstract In this paper, a class of functions, named as r-semipreinvex functions, which
is generalization of semipreinvex functions and r-preinvex functions, is introduced. Exam-
ple is given to show that there exists function which is r-semipreinvex function, but is not
semipreinvex function. Furthermore, some basic characterizations of r-semipreinvex func-
tions are established. At the same time, some optimality results are obtained in nonlinear
programming problems.
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1 Introduction

It is well known that convexity has been playing a key role in mathematical programming,
engineering and optimization theory. The research on characterizations and generalizations
of convexity is one of the most important aspects in mathematical programming and optimi-
zation theory in [1,2]. Hanson introduced the concept of invex functions which is extension
of differentiable convex functions and proved the sufficiency of Kuhn—Tucker condition in
[3]. For one more general case, Ben-Israel and Mond [4] considered functions (not necessar-
ily differentiable) for which there exists a vector function  : R” x R" — R" such that, for
any x,y € R", » € [0, 1],
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J O+, y) =Af () + A =2 f(). ey

Weir et al. named such kinds of functions satisfying the condition (1) as preinvex functions
with respect to vector-valued function 7 in [5,6]. Invex functions and preinvex functions are
two important kinds of generalized convexity. Many authors discussed some properties and
the applications in mathematical programming about invexity and preinvexity in the literature
[7-16].

On the other hand, Avriel introduced the definition of r-convex functions which is another
generalization of convex functions, discussed some characterizations and its relations with
other generalizations of convex functions in [16]. In [17], Antczak introduced the concept of
a class of r-preinvex functions which is a generalization of r-convex functions and preinvex
functions and obtained some optimality results under appropriate r-preinvexity conditions
for constrained optimization problems. Further study on characterizations and extensions of
r-preinvex functions has been done in [18-21].

Moreover, Antczak introduced the concept of G-preinvex functions and obtained some
optimality results under G-preinvexity conditions for constrained optimization problems in
[22]. As a generalization of preinvex functions, Yang et al. established the definition of a
class of semipreinvex functions and discussed the applications in prevariational inequality
in [23]. Furthermore, Yang et al. discussed some properties and saddle point optimality cri-
teria for multiobjective fractional programming problem under semipreinvexity conditions
in [24]. As a generalization of B-vex functions and semipreinvex functions, Long and Peng
introduced the concept of semi-B-preinvex functions and obtained some optimality results
in [25]. Furthermore, Yuan and Chinchuluun et al. studied generalized convexity and the
applications in multiobjective programming in the literature [26-29].

Motivated by works of [17,24,25] and the references therein, in this paper, we propose the
concept of r-semipreinvex functions and obtain some important characterizations and opti-
mality results in nonlinear programming. The concept r-semipreinvexity unifies the concepts
of r-preinvexity and semipreinvexity.

2 Preliminaries and definitions

Avriel [16] introduced the concept of a class of r-convex functions as follows:

Definition 2.1 [16] Let f : S — R, where S is a nonempty convex set in R". f is said to
be r-convex on S if, forany x, y € S, A € [0, 1],

1
log (he"f™ (1 —n)ef )T r 0,
PG — g (ke
SR = [Af(x)+<1 —Df), s

Remark 2.1 Any convex function is an r-convex function with » = 0. But the converse is
not necessarily true.

Example 2.1 Let S =[—1,1], f : § — R be defined by f(x) =log (1 + |x|).

Then, it is easy to check that f is an 1-convex function. But f(x) is not a convex function
on S, for f(y +A(x —y)) > Af(x) + (1 — ) f(y) holds whenx = J, y = 3, » = 1.

Weir and Mond [5], Weir and Jeyakumar [6] presented the concepts of invex sets and
preinvex functions, respectively, as follows:

Definition 2.2 [5,6] A set S € R" is said to be invex if there exists n : § x § — R" such
that, forany x,y € S, 12 € [0, 1], y + An(x,y) € S.
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Definition 2.3 [5,6]Let S € R”" beinvex withrespectton : Sx S — R". f : § — Rissaid
to be preinvex with respect to the same 7 if, forany x, y € S, 2 € [0, 1], f(y + An(x, y)) <
Af () + (1 —=2) fF(y).

Remark 2.2 Any convex set and any convex function are an invex set and a preinvex function
with n(x, y) = x — y, respectively. But the converse is not necessarily true.

Example 2.2 Let S = [—1, 1]. Obviously, S is an invex set with respect to 1(x, y), where

X =y, -1<x<0,-1<y<0,
_fx-y 0<x<10<y<l,
nix, y) = —x -y, 0<x<1,-1<y<0,

—y—x2—2x, -1<x<0,0<y<1.
Let f : S — R be defined by f(x) = —|x|.
Then, we can verify that f is preinvex function with respect to n. But by the fact that

JO+rx—y)>rf(x)+A=2)f()

holds when x = —%, y= %, A= % we see that f is not convex on S.

Definition 2.4 [17] Let S € R" be invex with respectton : S x S — R". f : S — Ris
said to be r-preinvex if, forany x, y € S, » € [0, 1],

1
log (he"T ™ 4 (1 = 1)e M) 7 | r £0,
(v + anGe, y) < § log(
SOty [Af(x)Jr(l—A)f(y), r=0.

Remark 2.3 The preinvex function is a r-preinvex function with » = 0, r-convex function
is r-preinvex function with n(x, y) = x — y. But the converse is not necessarily true.

Example 2.3 Let S = [—1, 1]. Then S is an invex set with respect to n(x, y), where

X =y, -1<x<0,-1<y<0,
—y+2x—x%, 0<x<1,0<y<I,
ne,yy=1 27 o=
X =y, 0<x<1,-1<y<0,

—y—x2—2x, -1<x<0,0<y<1.

Let f : S — R be defined by f(x) =log (2 — |x]).

Then, we can verify that f is 1-preinvex function with respect to . Nevertheless f is not
preinvex function with respect to  on S, due to the fact that

SO+, y) > Af(x)+ 1 =2 f()

holds forx =0,y =1,A = % and f is not 1-convex function on S, for
f o, ) > log (hel @ 4 (1 = el )
holds whenx = 1,y = —1,1 = 3.

Definition 2.5 [23]S C R"issaidtobe semi-connected setif there existsn : SxSx[0, 1] —
R™ such that, forany x,y € S, L € [0, 1], y + An(x, y, 1) € S.
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Definition 2.6 [23] Let S € R" be semi-connected set with respectton : § x S x [0, 1] —
R". f : § — R is said to be semipreinvex with respect to n if, for any x,y € S, A €
(0, 1], lim) 0 An(x, y, A) = 0, f(y + An(x, y, 1)) S Af(x) + (L = A) f ().

Definition 2.7 Let S C R”" be semi-connected set with respectton : § x § x [0, 1] —

R". f : § — R is said to be r-semipreinvex with respect to 7 if, for any x,y € S, A €
[0, 1], limy—0 An(x, y, 2) = 0 and

1

rf(x) — Ve fON T

£ O+ y, ) < {108 (74 (1= 0e )7, 7 0, )

Af () + (=2 f(y), r=0.

The term of r-semipreincave is defined in a similar way with the sense of the inequality
reversed. f : § — R is said to be strictly r-semipreinvex with respect to n, if the inequality
(2) is strict, forall x, y € §,x # y, A € (0, 1).

Remark 2.4 Every semipreinvex function with respect to 1 is r-semipreinvex function with
respect to the same 71, where r = 0. However, the converse is not true.

Example 2.4 Let S = [—5, 5], itis easy to check that S is a semi-connected set with respect
to n(x, y, A) and lim) o An(x, y, ) = 0, where

%, —5<x<0,-5<y<0,x>y,0<Ar<1,
Ax—y), 0=x=50=<y=<5xz=>y,

Mx—=y), -5<x<0,-5<y<0x<y,

N,y ) =X 0<x<50<y<5x<y,
X =y, 0<x<5-5<y<0,x <—y,
X -y, —5<x<0,0<y<5x>-—y,
0, 0<x<5-5<y<0,x>—y,
0, —5<x<0,0<y<5x<-—y.

Let f : S — R be defined by f(x) = log(x? + 1).

Then, we can verify that f is 1-semipreinvex function with respect to n. But f is not a
semipreinvex function with respect to the same 7, for

SO+, y,2) > Af(x)+ =2 f()
whenx =2,y =4,1 = %

Remark 2.5 Every r-convex function is #-semipreinvex function with respectto n(x, y, A) =
x — y. But the converse is not true.

Example 2.5 Let S = (-5, 5), it is easy to check that § is a semi-connected set with respect
to n(x, y, A) and lim, 9 An(x, y, A) = 0, where

[A(x—y), 0<x<50<y<5ux<y,

AMx—y), -5<x<0,-5<y<0,x>y,

=y

R 0=x<50=y<Sxzy0<a=l
nlx,y,4) =1 V&’
—x—-y, 0<x<5-5<y<0,x>-y,

—5<x<0,-5<y<0,x<y,0<Ai<1,

—X -y, —5<x<0,0<y<5x<—y,
0, 0<x<5-5<y<0,x <—y,
0, —5<x<0,0<y<5x>—y.

Let f : S — R be defined by f(x) =log(5— | x |).

@ Springer



J Glob Optim (2011) 49:37-47 41

Then we can verify that f is a 1-semipreinvex function with respect to . But f is not a
1-convex function, for

1
O+ =) > log (AT 4 (1 = e’ 7))

D=

whenx =1, y=—-1,A =

Lemma 2.1 [24] Let I be an index set. (S;)icy is a family of semi-connected subsets in R
with respect to the same function ' : R x R"T1 x [0, 1] = R™*!, then their intersection
Nics Si is a semi-connected set with respect to the same 1)'.

3 Some properties of r-semipreinvex functions

We give a few results concerning some basic properties of r-semipreinvexity. Since the proofs
of these results are obvious, they have been omitted in this paper.

Theorem 3.1 The following statements hold.

(a) Let f be r-semipreinvex (r-semipreincave) function with respect to n on S C R", and
o any real number. Then the function f + « is r-semipreinvex (r-semipreincave) with
respect to n on S.

(b) Let f be r-semipreinvex (r-semipreincave) function with respect to n on S C R", and
k any positive real number. Then kf is 1-semipreinvex (-semipreincave) function with
respect to  on R".

(¢) f S C R" — R is r-semipreinvex function with respect to n if and only if — f is
(—r)-semipreincave function with respect to 1.

(d) Let f be a function with real values, defined on S C R", g be a function defined by
g(x) 1= e"T®) where r is any real number. Then f is r-semipreinvex (r-semipreincave)
Sfunction with respect to n if and only if the function g is r-semipreinvex (r-semipreincave)
when r > 0, and r-semipreincave (r-semipreinvex) when r < Q.

() Let f : S C R* — R be r-semipreinvex (r-semipreincave) function with respect
to n. Then f is s-semipreinvex (s-semipreincave) function with respect to n for any
s>r(s <r).

The following results characterize the class of r-semipreinvex functions.

Theorem 3.2 Let S C R" be semi-connected set with respect ton, f : S — R is r-semip-
reinvex functions with respect to the same n if and only if, forall x,y € S, A € [0, 1], and
u,v € R,

fXx)<uand f(y) <v= f(y+Ainx,y, 1) <logre™ + (1 —k)e’”)%, r#0,
f(x)<uand f)) <v= fO+Ainx,y,2) <iu+(1—2A)v, r=0.
(3)

Proof When r = 0, please refer to the proof of Theorem 2.1 of [24].
Letr > 0 (the proof in the case when r < 0 is analogous), and f be r-semipreinvex functions
with respect to n, and f(x) < u, f(y) < v,0 < A < 1. From (2), it follows that

1
£+ An(x, y, 1) < log (Ae’fm L(— er(y)) ;

1
¥

< log (xe™ + (1 = 1)e'™)

@ Springer



42 J Glob Optim (2011) 49:37-47

Conversely, let x,y € S, A € [0,1]. Forany § > 0, f(x) < f(x)+34, f(y) < f(y)+34.
From (3), we can get that, for 0 < X < 1,

1
fO+Anx,y, 1) < log (Ae’(fo‘)*‘s) +(1— )L)er(f(y)thS))’
1
= log (era)nerf(x) + e ) )Leré‘erf(y)) r
1
= log ((e"‘s)% (he7 @ 4 (1= e’ ) )
1
= log ()\e’f(x) +1 - A)erf(y)) TS,

Let 8§ — 0, it follows that f(y + An(x, y, X)) <log(re"™ 4 (1 — k)e’”)%. 0

Theorem 3.3 Let S C R" be semi-connected set with respect ton. f : S — R is r-semi-
preinvex functions with respect to the same n if and only if the set

F(f)y={(x,u):xeS,ueRrR, f(x) <u}

is semi-connected with respect to )’ : F(f) x F(f) x [0, 1] = R"*!, where

1
n/((y,w,(x,u),x)=(n<y,x,x>,W), P£0.0 < <1,
77/(()’,1))’ (.X,M),}\) :r/(y7x’0)7 r 7&05)‘:0:
n/((yvv)’ (xsu)a)‘-)=(n(yﬂx7)")’v_u)v r=0-

forall (x,u), (y,v) € F(f).

Proof When r = 0, the proof was given by Yang et al. (see [24], Theorem 2.2).

When r # 0, A = 0, the Theorem is obvious.

Letr > 0,0 < A < 1 (the proof in the case when r < 0 is analogous). Let (x, u) € F(f)
and (y,v) € F(f),1i.e., f(x) <wuand f(y) < v. From (2), we have

1
f(y+Aan(x,y,2) < log (Ae’f(x) +( - )\)erf(y)) r

1
<log(re™ +(1—=1)e™) . 1e(0,1)

Thus
1
(x + An(y, x, 1), log (he" + (1 — X)e”‘)'T) eEF(f). re(0,1
That is,
1
log (Ae"@=1) 4+ (1 — 2))"
x+Aan(y,x,A),u+2x e ; ( ) e F(f). »€(0,1)
Then

S =

log (he" =) + (1 — 1))

(x,u) + 2| n(y,x, 1), S

e F(f). re(,1)
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Hence, F(f) is a semi-connected set with respect to

1
log (he" ™) + (1 —1))"
A

n' (v, v), (ow), 0) = [ n(y,x, 2,

Conversely, assume that F( f) is a semi-connected set with respect to n". Let x, y € S and
u,v € Rsuchthat f(x) <u, f(y) <v.Then, (x,u) € F(f) and (y, v) € F(f). From the
semi-connectedness of the set F( f) with respect to n’, we have

(x,u) + 20" ((y, ), (x,u), 1) € F(f). »€(0,1)
It follows that

~ =

log (he" =1 4 (1 — A
(x,u) +A | n(y, x,A), g( ( ))

e F(f). »e(0,1).

A
Then
(x + An(y, x, 1), log (Ae™ + (1 — )L)e”‘)%) e F(f). e (0,1
that is
O+, y, ) <log(re™ + (1 —1)e™) .
Thus, by Theorem 3.2, f is r-semipreinvex function with respect to n on S. O

Theorem 3.4 Let S C R" be semi-connected set with respect to n, A function f : S — R is
r-semipreinvex functions with respect to the same n if and only if the set

G(f)y={(x,u):x €S, ueRr, f(x) <u}

is semi-connected with respect ton' : G(f) x G(f) x [0, 1] — R where

1
W (), (610, 3) = (n(y,x, », W) F£0,0<A<1,
7 v, (o), 2) = (3, %, 0), r#£0,1=0,
W((r. v, (o). 2) = (3. 3, A), v — 1), r =0,

Sforall (x,u), (y,v) € G(f).

Proof When r = 0, the proof was given by Yang et al. (see [24], Theorem 2.3).
When r # 0, the proof of the Theorem is analogous with the Theorem 3.3 and is omitted.
O

Theorem 3.5 Let S C Rt and
f(&x)=inf{u:u € R, (x,u) €S}, VxeR" 4)

If S is a semi-connected set with respectton’ = S x S x [0, 1] — R"T!:

7. v). (. u), 2) = (n(y,x,)»), W) F£0,0<r<1
n/((yvv)v(x!u)a)")=n(y7x50)7 r#o,)\.=0
n/((yvv)v(-x5u)7)"):(n(ysxa}")ﬁv_uL r=0.
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Sforall (x,u), (y,v) € S. Among them, n : R" x R" x [0,1] — R". Then f : R* — Risa
r-semipreinvex function with respect to the .

Proof When r = 0, the proof was given by Yang et al. (see [24], Theorem 2.4)

When r # 0, & = 0, the Theorem is obvious.

Let r > 0,0 < A < 1 (the proof in the case when r < 0 is analogous), and let
x,y € R". Since S is a semi-connected set with respect ton’((y, v), (x, u), A), then, for
any (x,u), (y,v) € S,

(x,u) + A7 ((y,v), (x,u), 1) €S, VYre(,1).
From

log (A" ™) + (1 — x))%
A

n'((y,v), (x,u), A) = [ n(y, x, 1),

It follows that
(xc,u) + A0 ((y, v), (x,u), A)
1
- (x +An(y, x, 1), log (,\e’f(y) Ty A)e’f“))’) €S, re,1).

From (4),

1
f GG, x,20) < log (A7) 4+ (1= e T @), Vae 0, 1),
Hence, f is a r-semipreinvex function with respect to n on R". O

Theorem 3.6 Let I be an index set. S € R" be semi-connected set with respect to 1 :
R"x R" x [0, 1] = R", and a family of real-valued functions ( f;)ic be r-semipreinvex with
respect to the same n and bounded from above on S. Then, the function f(x) = sup;c; fi(x)
is a r-semipreinvex function with respect to the same n on S.

Proof When r = 0, the proof was given by Yang et al. (see [24], Theorem 2.4)
Letr #0,0 < A < 1. From the r-semipreinvexity with respect to the same 7 of every f;
and by Theorem 3.4, we can obtain that epigraph

G(fi) ={(x,w)lx € S,u € R, fi(x) < u}

is semi-connected set in R” x R with respect to

1
-

log (A" + (1 — 1))

n'((y,v), (x,u),A) = [ n(y, x, 1), .

Therefore, their intersection

(G ={x.wlxeS.ueRr, fix) <u.iel}
iel

={(x,u)|x € S,u e R, f(x) <u}

is also a semi-connected set in R” x R with respect to ’. By Lemma 2.1, the intersection is
the epigraph of f. Again by Theorem 3.4, f is a r-semipreinvex with respect to 1. O
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4 r-Semipreinvexity and optimality

In this section, we consider nonlinear programming problems without constraint and with
constraint and obtain some optimality results under r-semipreinvexity. These results are sim-
ilar to the results in [17]. Because r-semipreinvexity is generalization of r-preinvexity. Our
results is generalization of corresponding results in [17].

In the following, we firstly give the optimality condition of nonlinear programming with-
out constraint under r-semipreinvexity condition.

Theorem 4.1 Let S C R" be a semi-connected set with respectton, f : S C R" — Rbea
r-semipreinvex with respect to the same n. Then each local minimum of the function f is its
global minimum.

Proof Assume that f attains its local minimum at a point y € S. We proceed by contradic-
tion. Suppose that y is not a global minimum of the function f on S, i.e., there exists a point
x € § such that

J@x) < fy). (&)
Let f be r-semipreinvex with respect to n on R" with r > 0 (the proof in the case when
r < 01isanalogous; only the directions of some inequalities should be changed to the opposite
ones). Then, for all x, y € S, and any A € (0, 1), From (2), we have
1
f O+, y,0) < log (Ae"fm 41— A)e’f@)) "
That is
1 ,
F (e y.20) = ~log (e 4 (1 = el ). ©)
r

Multiplying both sides of the inequality (6) by r and since the exponential function is increas-
ing, we get the following inequality

T OFMNEY.R)) < 3o D) 4 (1 — p)e T
holds for any A € (0, 1). Hence, and from (5), we get the inequality
TGy R) _ rfO) <y (erf(x) _ erf(y)) <0
holds for any A € (0, 1). Thus, we get that inequality f(y + An(x, y, 1) < f(x) which, for

sufficiently A close to zero, contradicts the definition of a local minimum of f at y.
In the case when r = 0, the proof is analogous. O

Next, we consider the nonlinear programming with inequality constraint.

(P) min f(x)
stgi(x)<0,i=1,2,...,k,x €S.

where S is a nonempty subset of R", f, g; : S — R,i = 1,2, ..., k. Denote the set of all
feasible solutions for (P) by

K:={xeS gkx)<0,i=1,2,...,k}.

Theorem 4.2 Suppose that gi(i = 1,2, ...,k) is r-semipreinvex with respect to n on K.
Then the set of all feasible solutions K is semi-connected with respect to the same 1.
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Proof We prove only the case when r # 0. Let x, y € K. We have
gi(x) <0, gi(y)<0,i=1,2,...,k. 7

By the r-semipreinvexity of g;(x)(i = 1,2, ..., k) on K and (7), we obtain

1
gy +An(x, y,2) = log (A" 4 (1 = )™ D) " < log (+ (1 = 2))7 =0

holds forall » € [0, 1],i = 1,2, ..., k. Thus, y + An(x, y, A) € K. This shows that the set
K is semi-connected with respect to 7. O

Theorem 4.3 Let fandgi(i = 1,2, ..., k) be r-semipreinvex function with respect to same
non K, and let x be a local minimum in (P). Then x be a global minimum in (P).

Proof The result can be obtained from the Theorems 4.1 and 4.2. m}

Theorem 4.4 Let x be a global minimum in (P) and n : K x K x [0, 1] — R" be a vec-
tor-valued function. n(x,y, 1) # 0, forall x,y € K, x # y. If f is strictly r-semipreinvex
function on K with respect to n and g;(x)(i = 1,2, ...k) is r-semipreinvex function on K
with respect to same 1. Then X is the unique optimal solution in (P).

Proof By the Theorem 4.2, we know that the set of feasible solutions K is semi-connected
set with respect to 7. By contradiction. Let X # x be optimal solution in (P), then x € K and

fQ&) = f&). ()
Since K is semi-connected set with respect to 7, we have
X+An (% X,1) €K.

From the strictly r-semipreinvexity of f with respect to n on K and (8), it follows that
1
£ (F+An@, % ) < log (Ae’f(x) +(- A)erf@) '

1
= log (}\erf(*_’) + 1 - )»)erf(i)) '
= f(&).

holds for all A € (0, 1). Then it means that x is not a global minimum in (P), contradicting
the assumption. 0
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